In order to facilitate study of very inhomogeneous optical media such as clouds, the difficult angular part of radiative transfer calculations is simplified by considering systems in which scattering occurs only in certain directions. These directions are selected in such a way that the intensity field decouples into an infinite number of independent (e.g., orthogonal) families in direction space, each coupled only within its family. Further discretization, this time in space, lends itself readily to both analytical renormalization approaches (part 2) and to numerical calculations (part 2). We are particularly interested in scaling systems in which the optical density field has no characteristic size over a wide range of scales; these include internally homogeneous media of any shape but are more generally internally inhomogeneous and better described as fractals or multifractals. In this case, the albedo and transmission obey power laws in the thick cloud limit if scattering is conservative. By deriving powerful discrete angle (DA) similarity relations, we show that the scaling exponents that characterize these laws are "universal" in the sense that they are independent of the DA phase functions. We argue that these universality classes may be generally expected to extend beyond DA to include standard (continuous angle) phase functions and transfer equations. By comparing the DA equations with the diffusion equation, we show that in general the thick cloud limits of the two will be different: the thick cloud regime will only be "diffusive" in very homogeneous clouds, hence the term "universality class" is more appropriate. The DA similarity relations indicate that in scaling systems spatial variability is of primary importance, this suggests that far more research should be made to realistically model the spatial variability and to investigate its effect on radiative response, even if the angular aspect of the transfer process is made much less sophisticated than is possible in the classical plane-parallel type medium.
INTRODUCTION

Context
Geophysical and astrophysical systems ranging from terrestrial to interstellar clouds involve radiative transfer through extremely inhomogeneous optical media. Structures in both the scattering media and in the associated radiation field frequently occur over wide ranges in scale. The radiative transfer equation implies a linear radiative response with respect to the incident radiation or, more generally, the source function; however, the response relative to the optical properties of the scattering medium (such as optical density) is non-linear as soon as the medium is optically thick in any of its dimensions. Indeed, from this point of view, clouds [Tsay and Jayaweera, 1984] . Real clouds are known to be highly chaotic, turbulent structures with large variation of liquid water content down to the smallest observable scales.
The problem of determining the radiative properties of inhomogeneous clouds is notoriously difficult and remains an active field of research. The term "inhomogeneous clouds" is to be taken in a very broad sense: we include cloud fields as well as isolated internally homogeneous clouds of finite horizontal extent. A better description would be "non-plane-parallel" since the common feature (and main source of difficulty) in these radiative transfer problems is the presence of non-vanishing horizontal gradients in at least one horizontal direction. This field of research has become known as "multidimensional" radiative transfer and exactly complements the well developed the multiple scattering process can be regarded as a kind of non-theory of plane-parallel media where radiation field and/or optical linear low-pass spatial filter yielding a smoothed image of the properties vary in the vertical only, see Lenoble [1977] for an optical density field. As a result of this smoothing -and the extensive review. However natural this nomenclature may seem, difficulty in adequately accounting for the variability-the effects we only retain it for the purpose of cross referencing. We of inhomogeneity are often ignored. reserve usage of the word "dimension" for the quantitative Geophysical radiative transfer calculations have generally been description of the sparseness' of various of the statistical carried out for plane-parallel (i.e., horizontally uniform) media, properties with scale (i.e., its fractal dimensions) but also to with vertical inhomogeneities confined to very narrow ranges of indicate the dimension of space in which the scattering occurs scale (see however Davis et al 1990 for multifractal plane parallel since by reducing this number from 3 to 2 (even 1) we simplify results). In clouds, our prime interest here, this homogeneity the problem at hand without necessarily loosing physical insight. assumption has always been ad hoc, lacking both empirical and Moreover, we will argue that the description of the radiation theoretical basis at least down to scales of a centimeter or so. field's statistical properties over a range of scales (its extreme, or With the advent of modem in situ or remote measurements, it is nonlinear "variability") involves multiple fractal dimensions untenable even for the prototypical plane-parallel arctic stratus ("multifractals") hence a possible confusion that we wish to avoid.
[ 1986] for more physically justified fractal structures with spatial correlations and power law (scaling, rather than flat) spectra.
This very succinct review is only concerned with the problem of multiple scattering with (usually collimated) external illumination. Stellar astrophysicists have generally focussed on the spatial variability of internal (thermal) sources and frequency redistribution for the continuum and line spectra, respectively, as well as the effects of departure form local thermodynamical equilibrium [see Jones and Skumanich, 1980 , and references presented in this paper, allows for arbitrary optical density field and boundary conditions and for systems with DA phase functions is exact, not approximate. The specific results obtained in part 2 [Gabriel et al., this issue] and part 3 [Davis et al., this issue] pertain to horizontally finite homogeneous or inhomogeneous clouds modelled by fractals. Part 2 focuses on an approximate but analytic renormalization approach to DA radiative transfer applicable to scaling systems; it is applied to homogeneous and deterministic fractal clouds. Part 3 follows up on this, using Monte Carlo simulation and extends the study to a simple class of random fractal clouds; it also includes a detailed discussion of some of the meteorological implications of this work. For some preliminary multifractal (rather than monofractal) results, see Lovejoy After some preliminaries about scaling and similarity, the formal development proceeds as follows. Starting with the continuous angle radiative transfer equation in one two or three dimensions, we obtain its DA counterpart which is a finite system of coupled linear partial differential equations. By making the usual requirement that scattering probabilities only depend on relative (discrete) angles, we are able eliminate all but a countable infinite number of systems each characterized by highly symmetric coupling (matrices). These particularly interesting DA systems, in turn, are contrasted with the discrete ordinate solution of the standard transfer equation. Among these, only a small finite subset can be spatially discretized on a (regular) lattice, but DA equations on discrete spaces can also be obtained from first principles. The spatially continuous limits of the latter are readily compared with the previously obtained DA systems; this gives us some insight into potentially powerful analytical and numerical approaches. Next, some simple examples of DA systems are selected and described in more detail.
The "orthogonal" DA systems are then used to obtain very general similarity relations which exactly account for all phase functions (within that class) and seem to hold reasonably well for continuous angle radiative transfer as well (according to limited numerics). We show that diffusion equations can be obtained exactly as (non-physical) singular points of the similarity relations; hence diffusion and DA radiative transfer will generally therein]. Before leaving this topic, we might mention the other be in different universality classes. We argue that, the main related problems notably that of inhomogeneous ground reflectance under a homogeneous scattering atmosphere, a problem with important remote sensing applications (e.g., Malkevich [1960] , Tanrd et al. [1981, 1987] exception is for transfer through internally homogeneous media (or smoothly varying density fields) which are "trivially scaling". Finally, we examine the close relation between DA photons and the so-called "skating termite" Monte Carlo particles used to model conducting/superconducting mixtures in lattice statistical physics; this analogy proves useful in understanding the radiative behavior of media with embedded holes such as those investigated in parts 2 and 3.
Overview
In this series, we present some recent work concerning a subclass of transfer systems in which the propagation occurs only in discrete directions, for example along mutually orthogonal directions; hence the generic name discrete angle 2. PRI•IM1NARY CONSIDERATIONS
Asymptotic Thick Cloud Scaling Laws
Our overall objective is to simplify the radiative transfer problem sufficiently, so that it becomes analytically and numerically tractable while still remaining relevant to physically (DA) radiative transfer (preliminary accounts have appeared in realizable clouds. In the thick cloud limit with conservative several places [Gabriel et al., 1986; Lovejoy et al., 1988 Lovejoy et al., , 1989 Gabriel, 1988; Davis et al., 1989] ). These systems can be viewed as a limit imposed on the phase functions in which the intensity field decouples into an infinite number of families in (absolute) direction space; within each family, interaction (coupling) only occurs between members. These self contained DA systems can then be treated separately, greatly simplifying the angular part of the transfer process which is a major source of difficulty in the conventional approach. DA formalism, scattering, the physical size of the medium is the only relevant scale, conveniently measured in terms of optical thickness (x). Hence we can further simplify our problem by studying cloud geometries that are invariant under simple scale changing operations or zooms, i.e., homogeneous or fractal structures (more empirical and theoretical motivation for the use of fractals as cloud models is postponed until part 3). In these scaling systems the transmittance (T) and albedo (R) will exhibit scaling (i.e., power law) behavior as x-->o<,:
T-T* --hr(P ) •'v r R*-R --hR(P ) x-vR T*, R* are the "fixed points" of the scale-changing operation in the thick limit; for internally homogeneous clouds we can anticipate T* = 0 and R* = 1 as we have simply reconstructed the classical semi-infinite medium. We will prove that, when they exist, the scaling exponents vn and vr are "universal" in the sense that they are independent of the values taken by the DA phase functions, which are conveniently represented by matrix elements Pik (for scattering from direction i into direction k). In contrast to this, the prefactors hr, hzt are functions of (the matrix) P, as indicated explicitly in (1), where signs are chosen so that all the variables are positive (in this limit). The notion of "universality" is borrowed from nonlinear dynamical systems theory and its use is justified by the specific association of the thick cloud limit with an attracting (stable) fixed point of a scale changing operation as shall be seen in part 2. It is precisely this universal DA behavior that gives credence to the conjecture that in general, the thick cloud DA scaling exponents are identical with the corresponding continuous angle exponents; the results from part 3 generally support this idea.
It is not hard to anticipate how important external boundary conditions will be: for example, if these are reflecting (or periodic) in the horizontal rather than absorbing (or "open"), energy (flux) conservation (T+R=I)implies that vzt= vr, h•= hr, T*+R* = 1 whether the medium is internally and first coefficients in the Legendre expansion of the phase (1) function Davies [1978] . This distinction is important as the relevant "rescaling" of x for conservative scattering (•o--1) is (1-g) x, where the (l-g) can be folded into the prefactors of (1). In DA systems, we will show that phase function characteristics such as g do not affect the scaling exponents of optical thickness x. As previously mentioned, in DA radiative transfer a more general version of similarity is obeyed exactly; in particular, this guarantees the phase function independence (universality) of any scaling exponents. Preliminary analyses show that if applied to continuous angle systems that it is an improvement to the approximate relations (2) above.
The opposite of the limit considered previously (i.e., optically thin clouds) is also interesting. In part 2, we are able to associate it with a repelling (unstable) fixed point (namely, R*=O, T*=I) and is therefore very sensitive to the choice of DA phase function. We also retrieve the usual criterion for the crossover from thin to thick regimes, viz. (1-g)x--1. This regime can also be described by expressions (1). For example for thin homogeneous or not; on the other hand, for open boundary homogeneous systems, vzt and vr are trivially universal being conditions, light can "leak" out through the sides and we will see both equal to -1. This reflects the well-known fact that thin that vzt < vr which can be interpreted physically since our systems respond linearly to a global change in optical density problem is highly up/down asymmetric (in terms of illumination at the various boundaries). The degree of internal (in)homogeneity is equally important: diffusion-controlled (quasi-homogeneous) systems will have (v• <) Vr= 1 which is the plane-parallel value; but in highly inhomogeneous fractal structures where diffusion is likely to fail as a model for radiative transfer, we find (v• <)vr< 1.
There exists a large body of literature on asymptotics but, as far as we are aware of, it is entirely focussed on the subtle (since they are dominated by low order scattering). Thus we can view the rescaled optical thickness (1-g)x, i.e., the "effective" optical thickness (for isotropic conservative scattering), as the basic measure of nonlinearity in the transfer system (with respect to optical density).
Radiative Transfer in Any Number of Spatial Dimensions
The radiative transfer equation is customarily stated (often variations of (continuous) angular distribution of (specific) implicitly) for three spatial dimensions with a two-dimensional intensity with phase function, viewing and illumination direction space which is uniquely parameterized by (polar) geometry, all restricted to plane-parallel systems [see van de coordinates on the unit sphere. We will however be equally (4), we see that vanishing left-hand side implies either that •:p = 0 (medium is locally void) or, more interestingly, that Is is equal to its average over Ed (Is is locally isotropic). This interpretation of (3) takes on all its importance in extremely variable optical density fields r•p(x), which is bound to influence the spatial variability of Is(x) and in view of the highly asymmetric/anisotropic boundary (illumination) conditions for the multiple scattering problem.
We acknowledge the fact that, insofar as r,p is independent of ! (or any other measure of radiant energy density), (3) is linear in I; this fact is used implicitly as soon as we.talk about albedo or transmittance. This considerably simplifies the scaling (similarity) analysis of (3): an overall change in •:p(x) is equivalent to a zoom on x (hence s.V). The basic idea in similarity theory is to relate intensity fields in systems identical except for phase functions and optical density, hence thicknesses (in all directions); this is done using (3). More precisely, the two systems will have the same intensity fields if their rescaled It is worth noting right away that there is no intrinsic difference between the physical definitions of DA intensity I/• which is governed by (6) and its continuous angle counterpart which is governed by (3): both are conserved quantities along the beam (in absence of extinction). On the other hand, we will be tempted to associate (and inde• we will compare quantitatively, in part 3) -this DA "intensity" (or radiance) with a continuous angle "flux" (or irradiance), which is essentially, diluted by space along a bundle of rays, i.e., it obeys the 'l/r d-I" law, which is a basic tenet of standard radiative transfer. A corollary of this is that in DA radiative transfer one is no longer interested in distinguishing between collimated and diffuse illumination conditions at boundaries.
The elements of P/k in (6) can still be interpreted as the relative probability of scattering from direction i into k and the finite set of selected directions { k} is effectively "decoupled" from the continuum of other available directions Ed-{ k}. As usual, when dealing with õ-functions, it can helpful to view the DA phase function (the matrix P) as the limit of a sequence of continuous angle phase functions such that the intensity field decouples more-and-more into (infinitely many) finite families of beams. However, at this level of generality, the scattering probabilities depend in general on the absolute directions i and k, not just on the relative scattering directions, implying a strong anisotropy in the system possessed by relatively few physically interesting systems. A further disadvantage of such general DA systems is that the matrix elements Pik give no information about the behavior of the system for intensities at directions other than over the finite set {k}.
In the following, we therefore restrict ourselves DA systems in which scattering probabilities depend only on the relative optical thicknesses and phase functions are the same. The (scattering) angle between i and k; this is the DA version of the similarity will only be approximate if the rescaling is performed usual assumption in continuous angle radiative transfer that only up to a given order in some expansion of the p(s',s) =p(Os,s')where Os,s'=Cos-l(s's)(necess in scattering/extinction kernel K(s',s) = p(s',s)-õ(s'-s) which can particular for the discrete ordinate method). In the continuous be used to regroup the two terms on the right-hand side of (3) . Since (7) expresses the fact that output of one cell is input to another, it is desirable to Spatially discretized DA radiative transfer equations can be think of all these intensities as uniform along cell interfaces; this obtained from first principles by considering a lattice regularly will only be the case in the limit where all the cells are optically covering the d-dimensional space of interest. These spatially thin. In other words, in this limit only does c• depends solely on discrete equations are interesting for several reasons. First, they the optical properties of the scattering medium filling the cell, allow us to establish a relationship between radiative transfer in i.e., it becomes independent of the (normalized) field I as inhomogeneous clouds and certain diffusion problems in lattice gradients become negligible along cell interfaces. statistical physics, see section 6. Second, they allow us to apply In (7) we have implicitly chosen the DA beam directions { i} as approximate real space renormalization (i.e. "doubling") described in the previous subsection. Notice that the cells are techniques; see part 2. Third, in media with arbitrary optical dual to these direction sets and their associated solids and recall density fields they can be used in straightforward numerical that they must now fill their embedding spaces. calculations (i.e., as finite difference equations), if all intensity Enumeration in d=l. On a line, spatial discretization poses no fields are desired they can be numerically more efficient than the special problem (the "two-beam" model can even be solved alternative Monte Carlo methods; see part 3. For the moment, without recourse to calculus, see Appendices A and C in part 2). we are interested in obtaining their spatially continuous limit and Enumeration in d=2. In the plane, we can exploit the three comparing it with the corresponding DA radiative transfer well-known regular tesselations of the plane: by squares, by equation (6). equilateral triangles (both are used in part 2) or by regular Consider a space-filling collection of identical cells in d hexagons; these lattices are associated respectively with a dimensions. Denote the fundamental lattice constant by I and the subclass of DA(2,6) (indeed "up" and "down" triangles must be vectors joining the neighboring cells by knl. The optical alternated, see below), DA(2,4) and DA(2,6) models. properties of each cell are such that scattering can occur only Enumeration in d=2. In space, we are interested in those along the lattice directions der'reed by the kn. The "interaction Platonic polyhedra that are also (or can be combined into) principle", which is a statement of linearity of radiative response parallelohedra or Fedorov solids, i.e., they fill space: "up" and with respect to sources [Preisendorfer, 1965] where we sum over all the DA scattering directions k (dropping single cell feeds radiant energy into its opposite (at 180 ø) and the subscripts); see Figure 1 for an illustration. The c•(ml) are two at +600; of course, the same source of energy will feed the three other beams (including itself) upon crossing a second cell Alternatively, (7) can be re•arded as a finite difference (or more). approximation to (6), as long as tis taken small enough (and the As usual in radiative transfer problems, (7) can be given a boundary conditions such) that the high order terms in (k'V probabilistic interpretation. We simply require particles to move )21k, etc., are small compared with the first order term (k'V)Ik along the lattice directions from one cell to the next, changing from direction i to k with probability Oik. This general case (where o is arbitrary) is called a "correlated random walk" [Renshaw and Henderson, 1981] ; it is also a first order Markov process. When •J is not far from the identity matrix, there is a small probability per step of scattering, the single cell equivalent optical thickness (in direction i), -logeoii, is small and the particles will perform ballistic trajectories over exponentially distributed distances. In this case, we recover the standard Monte Carlo method for radiative transfer calculations: the particles model the behavior of photons (other kinds of Monte Carlo particles are discussed in section 6). The only direct applications of (7) to inhomogeneous (including simply finite) clouds of which we are aware are by Mosher [1979] , who called a cubic lattice system a "building block model", and by Cogley [ 1981] , who primarily examined quite thin clouds.
In order to relate (7) to the DA radiative transfer equation (6), we now take the small I limit by first expanding Ik into a Taylor series around x = ml: (8) Assuming that • 1 exists and letting 1 denote the identity matrix (i.e., lik=õik), we obtain by using (7) to eliminate lk[(m-k)l] from (8): in (9); see Appendix A for necessary and sufficient conditions for this to occur. A sufficient condition is that x0<<l, i.e. when the diagonal elements of • corresponding to forward scattering or direct transmission are dominant. In terms of the particle interpretation of (7), this means that the particles will behave as photons as long as they have only a low probability of changing direction in each cell. However, numerical results to be found in part 2, as well as theoretical arguments developed in Appendix A, indicate that this condition is unnecessarily restrictive; the solutions of (7) will be smooth enough to represent good approximations to (6) as long as all the eigenvalues of •2 are and vary smoothly. However the latter case involves unphysical phase functions, hence meaningful results will always require nearly diagonal. Note that the numerical solution of (7) is easily obtained by over-relaxation, iteration, or other straightforward methods.
Some Examples of DA Radiative Transfer Systems
The simplest examples of DA radiative transfer are the "orthogonal" DA(d,2d) systems with d=1,2,3. The discrete space approximations corresponding to (7) involve (2d)x(2d) transfer matrices •j, 2d is the number of (mutually perpendicular) beams (when d>l). Since we are considering only the cases where the scattering coefficients depend only on the relative angle through which scattering occurs (i.e., 0, x/2, x), we obtain the following highly symmetric matrices: 
In the above (1-x0)l corresponds to zeroth order scattering (direct transmission) and x0P to first order scattering. Identifying the diagonal elements of (13) all that is required in order to eliminate explicit l-i on various boundaries rather than li+ directly. We now show reference to p,q in conservative scattering is that the ratio p/q is how the appropriate boundary conditions can be found in the constant everywhere. This is equivalent to the requirement of a latter cases. This result will directly establish universality (DA constant side-to-backscattering ratio: s/r = const, which can be phase function independence) for quite general thick cloud seen by expressing 1-t in terms of r and s in (2lb) and (21c) scaling exponents. For simplicity, in order to demonstrate the using (21 a) with a --0.) We will exploit this fact to obtain method, we will also require symmetry of the scattering medium: powerful similarity relations which for continuous angle systems either twofold rotational symmetry or reflectional symmetry about a central horizontal plane, although more complex relations With this choice of 7, the bottom boundary conditions will can be derived in less symmetric media. For the moment, we automatically be satisfied, since only the signs will change. also assume either reflective or cyclic horizontal boundary Applying definitions (32) and boundary conditions (31) to conditions. Using the boundary conditions similarity relations ( The shape of the top and bottom boundaries can be quite arbitrary, we can even use an arbitrary incident (top) intensity dislribution (the normalization to 1 is just for convenience).
We now exploit the linearity of the radiative transfer equation which ensures that new solutions can be generated by superposition as well as multiplication of old ones by arbitrary constants. We must do this in order to ensure that the resulting The equations (38) with cyclic or reflective boundary conditions are readily retrieved as the special case of (41) since T+R=I :=• P=0, Q=2T, from (42). It is interesting to note that although this result is exact only for the DA (2,4) and DA(3,6) systems, preliminary numerical evidence indicates that it provides a remarkably good approximation in standard (continuous angle) radiative transfer at least in plane-parallel We now take a different approach in order to explore the thick cloud limits of DA radiative transfer, in particular to determine under which conditions such limits can be approximated by solutions of a diffusion equation. We have clearly seen that two diffusion regimes can be obtained exactly: one at pq=O involving d independent (uncoupled) one-dimensional diffusion equations and the other at I pq I =oo with a single d-dimensional diffusion equation. Since both correspond to singular points of the similarity transformations for conservatively scattering DA systems, we will expect both diffusion regimes to be generally in different universality classes than DA transfer. In this section we discuss some examples.
perposed)l•tO p and bottom boundary conditions satisfy ('r/•) = I •.•Y('r). The appropriate boundary conditions are obtained by illuminating the top as above, but by also illuminating the bottom with an identical radiation pattern except in the +z direction (this is
We therefore want to search for circumstances under which we geometry. A detailed account of these generalized similarity might expect to obtain approximate d-dimensional diffusion relations with their derivations and their implications will be equations for physically relevant DA phase functions. From our given elsewhere.
analysis of (24) Aside from their utility in deducing the complete radiation fields for any DA phase function given that of any other, these generalized similarity relations are also useful in deducing corrections to the standard (approximate) similarity theory. In the thick cloud limit (1), optical thicknesses must no longer be rescaled by q2 = l-g2 as specified in (2) 
The condition that the high-order derivatives are negligible implies a high degree of smoothness in both the density and radiation fields; it holds best far from sources (e.g., cloud top) and sinks (e.g., cloud sides, especially near the top).
Comparison of DA and Diffusion as Approximations to Radiative Transfer
In essence, the Eddington approximation to continuous angle radiative transfer in d dimensions is an expansion of the local specific intensity field Is(x) into a scalar field (J) that represents be explored. Most of all, DA is a particular case of general radiative transfer which means that if (broad) continuous angle universality classes exist then DA systems are sufficient to study their characteristics.
In conclusion, we see that DA systems are, by consauction, an exact description of the radiative transfer process in arbitrary optical density fields with DA phase functions, whereas its isotropic part and a d-vector field (flux) that models direction diffusion will only be approximate (in d>l). DA systems avoid and intensity of the "flow" of radiation. Substitution of this some of the more serious shortcomings of the diffusion ansatz into the radiative transfer equation (3) yields a approximation that prohibititsuseinextremelyvariableoptic second-order (diffusion) equation in J and a Fickian relation for density fields one expects to find in clouds. In order to allow obtaining the flux, given J [Giovanelli, 1959] . A &Eddington spatial gradients of any degree in any (discrete) direction detailed approach is also possible [Davies, 1978] ; apart from this angular information is sacrificed; in part 3, we will see that in rescaling, the phase function must be limited to a two-term many applications this information is not as precious as that Legendre expansion within this approximation. In short we have gained by leaving the realm of plane-parallel geometry. d+l functions of x to be determined, but one obeys a In terms of general (mass or radiative) transport theory, the second-order partial differential equation and constrains all the others, two parameters are available to describe the scattering/absorption process (typically t•o and g). It is well-known that this approximation fails near boundaries: it is intrinsically incapable of adjusting to the prevailing highly anisotropic (boundary) conditions. For the multiple scattering problem, the boundary conditions must indeed be modified yielding the "mixed" or "radiative" boundary conditions for the diffusion equation in J. As mentioned in subsection 2.3 in the case of conservative scattering, anisotropy of Is(x) with respect to s means strong gradients in Is(x) with respect to x, implying that higher order terms are at work as in (45a).
In summary, we see that diffusion is a poor approximation to radiative transfer whenever spatial gradients are important or (equivalently, in the conservative case) highly anisotropic intensity fields prevail. We therefore expect that in general, (thick cloud) transfer exponents for both radiative transfer and diffusion will be different. It may in some circumstances still be possible to use diffusion approximations: as argued above (for DA) the best case for this is the internally homogeneous medium with or without sides. Unsurprisingly, Davies [1978 and succeeds in reproducing very well his Monte Carlo results for horizontally finite clouds of various aspect ratios by using a three-dimensional version of the diffusion approximation of (continuous angle) radiative transfer. Also, in part 3, we find the diffusion (d= 1) value of vr (namely, 1) for d> 1 for both DA and Boltzmann equation with no external forces (3) yields the diffusion equation (47) and coefficient (48) in its continuum limit; the question is whether or not that is as good a model as a simplified version of the former, e.g., its DA counterpart (6)? The concept of universality allows us to reformulate this question in more precise terms, at least in the radiative case: if diffusion and (radiative) transfer do not share the same universality classes and if DA and (continuous angle) radiative transfer do, then DA can be viewed as a better approximation to radiative transfer than diffusion. In the following section we will argue (by analogy) that the first condition is expected to be generally true and in part 3 the second condition is shown to be well verified numerically in general. Since we have defined universality in terms of scaling laws and if the above conjecture proves to be true then, in the thick cloud limit, errors due to the diffusion approximation will diverge whereas those introduced by using DA phase functions will approach a constant factor.
• R•ATION BETWEEN (DA) RADIATIVE TRANSFER AND LATTICE STATISTICAL MECHANICS: PHOTONS AS "BL• TERMITES"
A problem in statistical physics that has received'considerable attention in the last few years, is the study of the electrical conductivity properties of random media. The prototypical case continuous angle calculations on media horizontally finite or not is of two materials (A,B) with different conductance properties, but only when they are internally homogeneous. Finally we note distributed on lattice sites with probabilities p and (l-p) that (even for plane-parallel media) diffusion poorly models the respectively. The two extreme cases of interest are (1) A is an angular distribution of the diffusely reflected intensity largely insulator, B a conductor (the random resistor network, or RRN because of low order scattering. Diffusion theory can be limit) and (2) A is a superconductor, B a normal conductor (the combined with single-scattering to improve its performance at random superconducting network, RSN limit). The interesting this task as in the Sobolev [1956] approximation, loosing its questions that arise in these limits concern the properties of the conceptual simplicity in the process. macroscopic conductance (Z) of a large system, and how this In contrast to this DA(d,2d) radiative transfer models the conductance varies as P->Pc where Pc is the percolation intensity field with 2d functions of position that are fully coupled threshold for the system. Recall that as P->Pc, the size of the within a system of first order partial differential equations that connected A regions grow until (at P=Pc) the largest is infinite in can be combined into fourth order partial differential equations extent, the system said to "percolate", i.e., in RRNs (or RSNs) a (d=2; see above)or integro-differential equations (d=3; see path exists connecting opposite sides of the system with Appendix C). Moreover, they call for three parameters to conducting (respectively superconducting)materials. At this describe the corresponding phase function (say, t,r,s) when d>l. point, the A material is distributed over a fractal; see Stauffer Notice that 2d>d+l except for d=l, where again only two phase [ 1985] for an excellent review. In particular, as p approaches Pc function parameters need to be specified; another indication that from below, we obtain in the RRN and RSN limits respectively, we are retrieving a system that obeys diffusion exactly, namely De Gennes [1976] was the first to point out the diffusive nature of the conduction problem; he also suggested numerically solving the problem using random walk (Monte Carlo) methods. In the RRN limit, the diffusing particle called an "ant" diffuses in the conducting material (the "labyrinth") constrained by the insulator which act as walls.
The ant is either "blind" or "myopic". In the former case, it selects a lattice direction at random and each time step, moves ahead one lattice unit in the corresponding direction. If there is a wall, it stops and waits for the next time step. In the myopic case, the ant selects directions only among those available which it chooses uniformly at random. As expected, the large scale properties (e.g., the exponents), are found to be the same in both cases: the myopic and blind ants belong to the same universality class. It is not hard to see that the "skating" termite is identical to the Monte Carlo particle used in (7) with regions of isotropic transfer coefficients (all elements of • are equal) mixed with regions with holes (i.e., • = 1). Since we have shown that when • is dominated by forward transfer, the particles behave as photons, we might call our photons "blinkered" termites which tend to deviate only with low probability per step from ballistic trajectories.
We conclude that in clouds with embedded holes, the photons (blinkered termites) are unlikely to approach diffusion limit (v r = 1) for two reasons. First, like the skating termites, they follow ballistic trajectories in the holes hence do not follow standard (diffusive) random walks; in the case of variable D(x), distributed over a fractal, one talks about "generalized" or "anomalous" diffusion processes or sometimes even "nondiffusive" random walks (see Schlesinger et al. [1986] or Havlin and Ben-Avraham [1987] for an extensive review).
Second, the embedded holes in•ly that gradients in i are likely to 
CONCLUSIONS
Motivated by a desire to understand radiative transfer in inhomogeneous systems, we have investigated a series of radiative transfer models involving scattering through discrete angles only. These discrete angle (DA) radiative transfer systems are special cases of continuous angle radiative transfer, involving DA phase functions which effectively decouple the intensity field into an infinite number of mutually independent families; within each family coupling only occurs among a small number of directions. We obtain both systems of first order partial differential equations for DA transfer on spatially continuous media and systems of linear algebraic equations for DA transfer on media spatially discretized on various lattices. Upon taking the continuous limit of the latter, conditions for the equivalence of the two formulations are given. This will prove cloud (DA) limits will generally not be diffusive, even for In the following two parts, we will examine a variety of scaling media using approximate but analytical methods based on renormalization group ideas (part 2) as well as various numerical approaches (,part 3); these examples will illustrate the formalism outlined here. In part 3, we examine the important question of 
EQUATIONS
In subsection 3.2 we argued that the spatially discrete DA useful as the discrete space equations are exploited analytically equations (7) provided good approximations to the DA radiative and numerically in parts 2 and 3. transfer equation (6) provided that the intensity fields I were The requirement that DA scattering probabilities depend only sufficiently smooth. A sufficient condition was shown to be that on the relative scattering angle considerably restricts the number the dimensionless single cell optical thickness Xo was small of interesting DA systems; these are enumerated exhaustively. everywhere. Here, we argue that this condition is somewhat Although others are described, we mainly concentrate on more restrictive than necessary, in particular, we seek a condition systems with orthogonal axes in two and three dimensions (four relating the variations in the dimensionless transfer matrix o to and six beams, respectively). The basic mathematical character variations in the intensity fields. We find that when gradients in of these systems is determined by two parameters: one that I imposed by boundary conditions are small, that the eigenvalues measures therelative importance of absorption (equivalently, the of o 2 are nearlx unity, and the relative variation of the zeroth Legendre coefficient of the DA phase function) and pq, a eigenvalues of o z are small, then the solution of (7) processes satisfying diffusion equations in various dimensions. where we have dropped higher order difference terms and used In general, the DA systems will obey diffusion equations as long the fact that due to symmetry oT=o (with the notation superscript as high-order derivatives can be neglected. This will only be possible in quasi-homogeneous systems; even there, near sources (i.e., cloud tops) they will not be negligible hence the transmission and albedo exponents are expected to differ (except in plane-parallel geometry where only one exponent arises). Finally, we compare DA radiative transfer through fractally inhomogeneous media with electrical conduction through conductor/superconductor mixtures at percolating threshold; this electron diffusion problem has been extensively studied in statistical physics. This comparison supports the idea that thick where Ak designates an eigenvalue of o. In the DA(2,4) case, these are T-R (twice), T+R-2S, and l-A; in the DA(3,6) case, we find T-R (three times), T+R-4S (twice), and 1-A. Equation (A4) shows that the variation in smoothness of I arises from two sources, the first being essentially due to the gradients imposed by the boundary conditions, while the second being due to variations in o. We first consider the case where will see that this occurs in all cases except the DA(2,4) model applied to the homogeneous square medium.
APPENDIX B: THE DA(1,2) SYSTEM OR THE "TwO-STREAM" APPROXIMATION TO RADIATIVE TRANSFER THROUGH the scattering medium is homogeneous (i.e., V2Ak 2 = 0), and Although the results are well known, it is worth showing how we imposesome intensity gradientacross our system. We know the DA(I,2) system is strictly equivalent to "two-flux" that when 'Co is small enough, • is near13( diagonal and all the approximation (without terms for the direct beam) for radiative Ak 2 --1, furthermore, in this case, V 2 •r • will be sufficiently small that high-order difference terms in the (9) can be neglected.
Equation ( In part 2, we show that the regime where (conservative) scattering is linearly proportional to x extends up to --1/(l-g); hence we expect the prefactors of our asymptotic expressions (1) to also be proportional to some power of (l-g). This agrees with standard continuous angle results in plane-parallel clouds as well as the findings of Davis et al. [1989] and part 3 for finite homogeneous square and cubic clouds respectively.
The pair (t•o,g) or, equivalently, the first two Legendre coefficients is sufficient in many popular approximate schemes in radiative transfer, e.g., "two-flux" theory (Appendix B), similarity relations (2), or diffusion (section 5). It is important to note that its specification is insufficient to describe completely the most interesting DA(d,n) models, i.e., with n_)2d beams. As shown in section 4, the value of the second order Legendre coefficient is fundamental in the sense that it participates in the determination of the basic character of the mathematical problem associated with the (orthogonal) DA(d,2d) systems.
